Received: December 28, 1998, Accepted: February 23, 1999

HYPER VERSION

(p, q)-strings and new spacetime superalgebras

Makoto Sakaguchi

Theory Division, Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK), 1-1 Oho, Tsukuba, Ibaraki, 305-0801 Japan E-mail: sakagu@post.kek.jp

Abstract: We present a geometric formulation of (p, q)-strings in which the SL(2, Z)-doublet of the two-form gauge potentials is constructed as second order in the supersymmetric currents. The currents are constructed using a supergroup manifold corresponding to the (p, q)-string superalgebra, which contains fermionic generators in addition to the supercharges and transforms under the SL(2, Z). The properties of the superalgebra and the generalizations to higher p-branes are discussed.

Keywords: Sigma Models, p-branes, D-branes, String Duality.

Contents

1. Introduction 1

2. F- and D-strings 2

3. The NS⊗NS and the R⊗R gauge potentials on the worldsheet 4 3.1 Mapping the D-string superalgebra to the F-string superalgebra 4 3.2 Interchanging fermionic generators 6

4. The (p, q)-string superalgebra 7

5. Summary and discussions 9

1. Introduction

It is now widely appreciated that the IIB superstring theory enjoys SL(2, Z)-symmetry non-perturbatively. (p, q)-strings [1] has been studied [2, 3, 4] as a formulation in which the SL(2, Z)-symmetry is manifest. On the other hand, a manifestly supersymmetric formulation of the Green-Schwarz superstring, based on a superalgebra which was obtained as the global limit [5] of a superalgebra found by Siegel [6], was given by Siegel [7]. The superalgebra is a generalization of super Poincaré algebra, and contains a new fermionic generator. Constructing a suitable set of supercurrents on the corresponding supergroup manifold, he wrote down the Wess-Zumino term of the Green-Schwarz superstring in a second-order expression of the supercurrents. Using this formulation, p-branes (p > 1), found in the brane scan [8], were formulated by Bergshoeff and Sezgin [9]. Introducing a set of superalgebras, they wrote the Wess-Zumino terms for the p-branes, which are (p + 1)-th order in the supercurrents. These p-brane (p ≥ 1) minimal superalgebras were further investigated in [11]. Following the same line, non-minimal IIA strings and IIB F- and D-strings were formulated in [10], using the IIA superalgebra and the F- and D-string superalgebra, respectively.

In this paper, we consider (p, q)-strings using this formulation. It is known [10] that the pullback to the F(D)-string worldsheet of the NS⊗NS(R⊗R) gauge potential can be obtained from the F(D)-string superalgebra. In order to construct (p, q)-strings, we need the pullback to the same worldsheet of the NS⊗NS and the R⊗R gauge potentials. We obtain the pullback to the F-string worldsheet of the

R⊗R gauge potential (or, the pullback to the D-string worldsheet of the NS⊗NS gauge potential), in section 3, in the following two ways: First, we consider a map which transforms the D-string superalgebra to the F-string superalgebra. Using this map, we obtain the pullback to the F-string worldsheet of the R⊗R gauge potential explicitly. Second, we construct the pullback to the F-string worldsheet of the R⊗R gauge potential, starting from a superalgebra which is obtained by interchanging fermionic generators, Σ^α and Σ̃^α, in the D-string superalgebra. This is a nontrivial feature of our formulation which was suggested in [10]: Interchanging fermionic generators results in interchanging the F- and the D-string worldsheets (or, exchanging the R⊗R two-form gauge potential for the NS⊗NS one), In order to confirm this feature, we show that the pullback to the F-string worldsheet of the R⊗R gauge potential can be obtained from a superalgebra which is obtained by interchanging fermionic generators in the F-string superalgebra. After a quick review of the explicit construction of the SL(2, Z)-doublet of two-form gauge potentials in terms of b_R and b_{NS} , we present the (p, q)-string superalgebra, and show that the SL(2, Z)-doublet of two-form gauge potentials can be constructed by using the superalgebra, in section 4. It is observed that at a special point on the SL(2, Z)-orbit, χ = ϕ = 0, the (p, q)-string superalgebra reduces to the IIB superalgebra which is T-dual to the IIA superalgebra in presence of F-string, D0- and D2-branes. The last section is devoted to a summary and discussions of generalizations to the D3-brane, the (p, q) 5-brane and the KK5-brane.

2. F- and D-strings

We first review the formulation of IIB F- and D-strings following [10]. The F-string superalgebra is generated by supertranslations and F-string charges T_A = {Q_A, Z^A}, where Q_A = (P_a, Q_α, Q̃_α) and Z^A = (Z^a, Z^α, Z̃^α), as {Q_{αI} , Q_{βJ} } = (γ^a ⊗ I_{IJ} )_{αβ} P_a − (γ_a ⊗ σ_{3IJ} )_{αβ}Z^a , [P_a, Q_{βI} ] = −2(γ_a ⊗ σ_{3IJ} )_{αβ}Z^{αJ} , [Z^a, Q_{βI} ] = 2(γ^a ⊗ I_{IJ} )_{αβ}Z^{αJ} , (2.1)

where we employed a compact notation, Q_{αI} = ( Q̃_α Q_α ) , etc. The indices I and J

are frequently omitted below. The left-invariant supergroup vielbeins L_M^A and the pullback one-form L^A are obtained by the left-invariant Maurer-Cartan one-form,

U^{−1}dU = dZ^M L_M^AT_A = L^AT_A , (2.2)

where Z^M are coordinates on the supergroup manifold, and U is a supergroup element. Parametrizing the supergroup manifold by U = e^{zaZa} e^{ζ̃αZ̃α} e^{ζαZα} e^{xaPa} e^{θ̃αQ̃α} e^{θαQα} , (2.3) the pullback left-invariant vielbeins of the supergroup manifold, L^A, were obtained in terms of coordinates on the supergroup manifold. Similarly, the right-invariant supergroup vielbeins R_M^A are obtained by the right-invariant Maurer-Cartan oneform,

dUU^{−1} = dZ^M R_M^AT_A . (2.4)

The rigid supersymmetry transformations are interpreted as being the part of an infinitesimal transformation, δZ^M = ϵ^AR_A^M , characterized by ϵ^α, where R_A^M is the inverse of R_M^A. The pullback left-invariant vielbeins, L^A, are invariant under the supersymmetry transformation, by definition.

The pullback to the F-string worldsheet of the NS⊗NS two-form gauge potential was defined as a second-order expression in supercurrents, B_{NS} = 1 2 ( L^a ∧ L_a + 1 4 L^α ∧ L_α + 1 4 L̃^α ∧ L̃_α ) . (2.5)

This is identical, up to total derivative terms, to the conventional Wess-Zumino term, b_{NS} = 1 2 [ dx^a ∧ ( (θ̄γ_adθ) − (¯θ̃γ_adθ̃) ) + 1 2 (¯θ̃γ^adθ̃) ∧ (θ̄γ_adθ) ] . (2.6)

We use the capital letter B as the supersymmetric form of the Wess-Zumino term b to avoid confusion.

In turn, the D-string superalgebra is generated by supertranslations and D-string charges T_A = {Q_A, Σ^A}, where Σ^A = (Σ^a, Σ^α, Σ̃^α), as

{Q_α, Q_β} = (γ^a ⊗ I)_{αβ}P_a + (γ_a ⊗ σ_1)_{αβ} Σ^a , [P_a, Q_β] = 2(γ_a ⊗ I)_{αβ}Σ^α , [Σ^a, Q_β] = 2(γ^a ⊗ σ_1)_{αβ} Σ^α . (2.7)

Parametrizing the supergroup manifold by U = e^{yaΣa} e^{ϕ̃αΣ̃α} e^{ϕαΣα} e^{xaPa} e^{θ̃αQ̃α} e^{θαQα} , (2.8) the pullback vielbeins of the left-invariant supergroup were obtained. As before, these are superinvariant. The pullback to the D-string worldsheet of the R⊗R two-form gauge potential was written down, in terms of supercurrents, as

B_R = − 1 4 ( L^α ∧ L̂_α − L̃^α ∧ ^̃L_α ) , (2.9)

where a caret on L represents a left-invariant pullback vielbein corresponding to Dstring generators Σ^A. This was found to be the well-known Wess-Zumino term for D-strings, up to total derivative terms,

b_R = 1 2 [ dx^a ∧ ( (θ̄γ_adθ) − (¯θ̃γ_adθ̃) ) + 1 2 (¯θ̃γ^adθ̃) ∧ (θ̄γ_adθ) ] , (2.10)

which is identical to the right hand side (r.h.s.) of (2.6).

3. The NS⊗NS and the R⊗R gauge potentials on the worldsheet

In order to describe (p, q)-strings, we need the pullback to the same worldsheet of the NS⊗NS and the R⊗R two-form gauge potentials, b_{NS} and b_R. In this section, we obtain the pullback to the F-string worldsheet of the R⊗R two-form gauge potential (or, the pullback to the D-string worldsheet of the NS⊗NS gauge potential) in the following two ways: First, we consider a map which transforms the D-string superalgebra to the F-string superalgebra. Second, we modify the D-string superalgebra, and show that the two-form potential can be constructed by the supercurrents on the corresponding supermanifold.

We denote the pullback to the D-string worldsheet of the R⊗R gauge potential as ‘b_R on the D-string worldsheet W_D’ and the pullback to the F-string worldsheet of the R⊗R gauge potential as ‘b_R on the F-string worldsheet W_F ’, for simplicity.

3.1 Mapping the D-string superalgebra to the F-string superalgebra

Let us consider a map which transforms the D-string superalgebra to the F-string superalgebra. The dual map transforms the b_R on the D-string supergroup manifold M_D to a two-form on the F-string supergroup manifold M_F . We regard the pullback of the obtained two-form as the two-form on the F-string worldsheet, since we have regarded the pullback of the b_R on the D-string supergroup manifold as the b_R on the D-string worldsheet in the previous section. In this sense, the obtained two-form can be regarded as the b_R on the F-string worldsheet W_F . There is another point of view, which regards the two-form on the F-string supergroup manifold as b_{NS} . The pullback map thus transforms b_R to b_{NS} on the D-string worldsheet W_D. Here, we adopt the former viewpoint below.

The map is summarized as

b_R on W_D W_D → M_D ↔ T_A = {Q_A, Σ^A} ↓∗ ↑ ↑ ↓ b_R on W_F W_F → M_F ↔ T^′_A = {Q_A^′, Z^{A′}} ,

(3.1)

where M_D ∋ (x^a, θ^α, θ̃^α, y_a, ϕ_α, ϕ̃_α) and M_F ∋ (x^a, θ^α, θ̃^α, z_a, ζ_α, ζ̃_α) are the D-string and F-string supergroup manifolds, respectively. The ∗ means the pullback. From the above diagram, one finds that a map: b_R on W_D^∗−→ b_R on W_F , is induced by a map: T_A → T_A^′. Thus, we first consider the map which transforms the generators of D-string superalgebra to those of F-string superalgebra. We find that the D-string superalgebra is mapped to the F-string superalgebra by

P_a^′ = P_a , Q_α^′ = ϵ √ 2 (Q + Q̃) , Q̃_α^′ = ϵ √ 2 (−Q + Q̃) , Z^{a′} = Σ^a , Z^{α′} = ϵ √ 2 (Σ^α + Σ̃^α) , Z̃^{α′} = ϵ √ 2 (Σ^α − Σ̃^α) , where ϵ^2 = 1. This is a part of the SO(2) R-symmetry. We next consider a map, which transforms spacetime coordinates on M_F to those on M_D. The corresponding map of spacetime coordinates, associated with the above map of generators, is defined by e^{za′Za′} e^{ζ̃′αZ̃α′} e^{ζα′Zα′} e^{xa′Pa′} e^{θ̃α′Q̃′α} e^{θα′Qα′} = e^{yaΣa} e^{ϕ̃αΣ̃α} e^{ϕαΣα} e^{xaPa} e^{θ̃αQ̃α} e^{θαQα} . (3.2) After some algebra, we obtain the following transformations:

x^a = x^{a′} , θ = ϵ √ 2 (θ^′ − θ̃^′) , θ̃ = ϵ √ 2 (θ^′ + θ̃^′) , y_a = z_a^′ + 1 2 (¯θ̃^′γ_aθ^′) , (3.3)

where expressions for ϕ_α and ϕ̃_α are omitted. Performing the above transformations on b_R on W_D, (2.10), we obtain b_R on W_F (or, b_{NS} on W_D) as (dropping primes)

b_R = − 1 2 { dx^a ∧ [( θ̄γ_adθ̃ ) + (¯θ̃γ_adθ)] +

+ 1 4 [( θ̄γ^adθ ) + (¯θ̃γadθ̃)] ∧ [(¯θ̃γ_adθ) + (θ̄γ_adθ̃)] } . (3.4)

We now write two-form b_R on W_F in a manifestly supersymmetric form. To do this, we note that the left-invariant Maurer-Cartan one-form of the F-string and D-string superalgebra satisfies

L^AT_A = L^{A′}T_A^′ , (3.5)

because of (3.2). This implies the following relations:

L^a = L^{a′} , L^α = ϵ √ 2 (L^{α′} − L̃^{α′}) , L̃^α = ϵ √ 2 (L^{α′} + L̃^{α′}) , L̂_a = L_a^′ , L̂_α = ϵ√ 2 (L_α^′ + L̃^{α′}) , ^̃L_α = ϵ √ 2 (L_α^′ − L̃_α^′) , (3.6)

where a caret represents left-invariant vielbeins corresponding to D-string charges. Using the above relations in the supersymmetric form B̂, (2.9), of b_R on W_D, we obtain the supersymmetric form of b_R on W_F as

B_R = 1 4 ( L^{α′} ∧ L̃_α^′ − L̃^{α′} ∧ L_α^′ ) . (3.7)

This is found to be identical to (3.4), up to total derivative terms, as expected. In this way, we have constructed b_R on W_F explicitly. Similarly, b_{NS} on W_D is constructed from b_{NS} on W_F , in the same manner. The obtained expression for b_{NS} on W_D is identical to the r.h.s. of (3.4).

3.2 Interchanging fermionic generators

We have obtained b_R on W_F by a map which relates the D-string superalgebra to the F-string superalgebra. Here, we consider another course to construct b_R on W_F . It was suggested [10] that a superalgebra, which is obtained by interchanging Σ^α and Σ̃^α in the D-string superalgebra, describes b_{NS} on W_D (or, equivalently b_R on W_F ). In fact, using a superalgebra which is obtained by interchanging fermionic generators, Σ^α and Σ̃^α, in the D-string superalgebra, we can construct B_{NS} on W_D (or, B_R on W_F ), which is identical to the r.h.s. of (3.4) up to total derivative terms.^1 This implies that interchanging fermionic generators, Σ^α and Σ̃^α, corresponds to exchanging the R⊗R gauge potential for the NS⊗NS one (or exchanging the D-string worldsheet for the F-string worldsheet). In this way, we find that the pullback of the R⊗R and the NS⊗NS gauge potentials to the same worldsheet can be described by the F-string superalgebra and a superalgebra which is obtained by interchanging Σ^α and Σ̃^α in the D-string superalgebra.

In order to confirm further the non-trivial feature: interchanging fermionic generators results in exchanging the NS⊗NS two-form for the R⊗R one (or, interchanging the F- and the D-string worldsheet), we show that by starting with a superalgebra, which is obtained by interchanging fermionic generators, Z^α and Z̃^α, in the F-string superalgebra (2.1), b_R on W_F (or b_{NS} on W_D) can be constructed. The corresponding left-invariant pullback vielbeins are obtained as

L^α = dθ^α, L̃^α = dθ̃^α, L^a = dx^a + 1 2 (θ̄γ^adθ) + 1 2 (¯θ̃γ^adθ̃) , (3.8)

L_a = dz_a + 1 2 (θ̄γ_adθ) − 1 2 (¯θ̃γ_adθ̃) , (3.9)

L̃_α = dζ_α + 2dz_a(θ̄γ^a)_α + 2dx^a(θ̄γ_a)_α + 2 3 (θ̄γ^adθ)(θ̄γ_a)_α , (3.10)

L_α = dζ̃_α + 2dz_a(¯θ̃γ^a)_α − 2dx^a(¯θ̃γ_a)_α − 2 3 (¯θ̃γ^adθ̃)(¯θ̃γ_a)_α . (3.11)

We find that the second-order expression, − 1 4 (L^α ∧ L_α − L̃^α ∧ L̃_α) (3.12)

is a supersymmetric form of b_R on W_F , (3.4), as expected. In this way, we have seen that the interchanging Z^α and Z̃^α results in exchanging the R⊗R gauge potential for the NS⊗NS one (or exchanging the D-string worldsheet for the F-string worldsheet).

1This turns out to be identical to the two-form found in [10]. In fact, using a Fierz identity (θ̄γ^adθ) ∧ (¯θ̃γ_adθ) = 1 3 (θ̄γ^adθ) ∧ (θ̄γ_adθ̃) − 1 3 d ( (θ̄γ^adθ)(¯θ̃γ_aθ) ) , the last term in (3.4) is rewritten, up to total derivative terms, as,^1_3 (θ̄γ^adθ) ∧ (θ̄γ_adθ̃) +^1_3 (¯θ̃γ^adθ̃) ∧ (¯θ̃γ_adθ).

4. The (p, q)-string superalgebra

In the previous section, we find that the superalgebra,

{Q_α, Q_β} = (γ^a ⊗ I)_{αβ}P_a + (γ_a ⊗ σ_1)_{αβ} Σ^a − (γ_a ⊗ σ_3)_{αβ} Z^a, (4.1) [P_a, Q_β] = 2(γ_a ⊗ σ_1)_{αβ}Σ^α − 2(γ_a ⊗ σ_3)_{αβ}Z^α, (4.2) [Z^a, Q_β] = 2(γ^a ⊗ I)_{αβ} Z^α, (4.3) [Σ^a, Q_β] = 2(γ^a ⊗ I)_{αβ} Σ^α, (4.4)

describes the pullback to the worldsheet of the R⊗R and the NS⊗NS two-form gauge potentials. Now that we have obtained the NS⊗NS and the R⊗R gauge potentials on the same worldsheet, we consider the (p, q)-string superalgebra which describes the SL(2, Z)-doublet of the two-form gauge potentials.

To do this, we first describe the SL(2, Z)-doublet of the two-form gauge potentials in terms of b_{NS} and b_R on the worldsheet, explicitly. In order to describe the SL(2, Z)- symmetry, we introduce background scalars which belong to the coset SL(2, Z)/SO(2) or, equivalently, SU(1, 1)/U(1). The SL(2, Z) acts from the left and the SO(2) from the right. These scalars are represented by a complex SU(1, 1) doublet U^r(r = 1, 2). Using these doublet, the SU(1, 1)-invariant complex scalar density is defined by

ΨI = U^1Ψ̂ + U^2Ψ , (4.5)

where Ψ̂ and Ψ form an SL(2, Z)-doublet. Eliminating an unphysical field by using local U(1) gauge symmetry, i.e. in the unitary gauge, this is rewritten as^2

ΨI = −ie^{ϕ/2}e^{−iϑ}(Ψ̂ − τ̄Ψ) , (4.6)

where e^{iϑ} = (τ̄ − i)/|τ + i| and τ = χ + ie^{−ϕ}. The Ψ̂ and Ψ are linear combinations of Φ̂ and Φ with coefficients written in terms of χ and ϕ, where Φ̂ and Φ are the Hodge duals of the superinvariant modified two-form field strengths F̂ = dÂ − b_R and F = dA − b_{NS} , respectively. These coefficients can be determined by requiring that ΨI should not include χ and ϕ explicitly, and that Ψ̂ and Ψ should be Φ̂ and Φ, respectively, when χ and ϕ are set to vanish. As a result, one finds that Ψ̂ and Ψ are expressed as

Ψ̂ = e^{ϕ/2}ℜ(τe^{iϑ})Φ̂ − e^{ϕ/2}ℑ(τe^{iϑ})Φ , (4.7)

Ψ = e^{ϕ/2}ℜ(e^{iϑ})Φ̂ − e^{ϕ/2}ℑ(e^{iϑ})Φ , (4.8)

2As in [12], (4.5) is rewritten, in the unitary gauge, as ΨI = f(ΦI − BΦI^∗), where ΦI and ΦI^∗ are SU(1, 1)-doublet. The f is defined by f = (1 − BB^∗)^{−1/2}, and the B transforms linear fractionally under the finite SU(1, 1) group action. The B has values restricted to the interior of the unit disc. The B is expressed in terms of τ as B = (τ̄ +i)/(τ̄ −i), and ΦI is in terms of Ψ̂ and Ψ as ΦI = Ψ̂+iΨ.

where ℜ(ρ) and ℑ(ρ) denote the real and imaginary parts of ρ, respectively. The ΨI is invariant under the left action of SL(2, Z): τ → aτ + b cτ + d , ( a b c d ) ∈ SL(2, Z) , (4.9)

while keeping Φ̂ and Φ invariant. Ψ̂ and Ψ form an SL(2, Z)-doublet up to the right action of SO(2).

We now consider the (p, q)-string superalgebra which describes the SL(2, Z)- doublet of the two-form gauge potentials described above. We first present the (p, q)- string superalgebra and then show that the SL(2, Z)-doublet can be constructed from it. The (p, q)-string superalgebra is generated by T_A = (Q_A, Z^A, Σ^A) as

{Q_α, Q_β} = (γ^a ⊗I)_{αβ} P_a +(γ_a ⊗σ_1)_{αβ}(αΣ^a −γZ^a)+(γ_a ⊗ σ_3)_{αβ}(βΣ^a −δZ^a) , (4.10) [P_a, Q_β] = 2(γ_a ⊗ σ_1)_{αβ}(αΣ^α − γZ^α) + 2(γ_a ⊗ σ_3)_{αβ}(βΣ^α − δZ^α) , (4.11) [Z^a, Q_β] = 2(γ^a ⊗ I)_{αβ} Z^α , (4.12) [Σ^a, Q_β] = 2(γ^a ⊗ I)_{αβ} Σ^α , (4.13)

where α, β, γ and δ are expressed in terms of χ and ϕ as ( α β γ δ ) = e^{ϕ/2} ( ℜ(τe^{iϑ}) −ℑ(τe^{iϑ}) ℜ(e^{iϑ}) −ℑ(e^{iϑ}) ) . (4.14)

Note that our superalgebra contains fermionic charges, Z^α and Σ^α, as well as bosonic charges, Z^a and Σ^a, and these charges transform under the SL(2, Z). The leftinvariant vielbeins on the corresponding group manifold are calculated as

L^α = dθ^α , L^a = dx^a − 1 2 (θ̄γ^a ⊗ Idθ) , (4.15) L_a = dz_a − 1 2 ( γ(θ̄γ_a ⊗ σ_1dθ) + δ(θ̄γ_a ⊗ σ_3dθ) ) , (4.16)

L̂_a = dy_a + 1 2 ( α(θ̄γ_a ⊗ σ_1dθ) + β(θ̄γ_a ⊗ σ_3dθ) ) , (4.17)

L_α = 2dz_a(θ̄γ^a ⊗ I)_α + dζ_α − 2dx^a ( γ(θ̄γ_a ⊗ σ_1)_α + δ(θ̄γ_a ⊗ σ_3)_α ) − − 1 3 (θ̄γ^a ⊗ Idθ) ( γ(θ̄γ_a ⊗ σ_1)_α + δ(θ̄γ_a ⊗ σ_3)_α ) − − 1 3 ( γ(θ̄γ_a ⊗ σ_1dθ) + δ(θ̄γ_a ⊗ σ_3dθ) ) (θ̄γ^a ⊗ I)_α , (4.18) L̂_α = 2dy_a(θ̄γ^a ⊗ I)_α + dϕ_α + 2dx^a ( α(θ̄γ_a ⊗ σ_1)_α + β(θ̄γ_a ⊗ σ_3)_α ) + + 1 3 (θ̄γ^a ⊗ Idθ) ( α(θ̄γ_a ⊗ σ_1)_α + β(θ̄γ_a ⊗ σ_3)_α ) + + 1 3 ( α(θ̄γ_a ⊗ σ_1dθ) + β(θ̄γ_a ⊗ σ_3dθ) ) (θ̄γ^a ⊗ I)_α . (4.19)

Using these supercurrents, we find that the supersymmetric form of the SL(2, Z)- doublet, B̂ and B, are constructed as

B̂ = −1 2 ( L^a ∧ L̂_a + 1 4 L^α ∧ L̂_α ) , (4.20) B = 1 2 ( L^a ∧ L_a + 1 4 L^α ∧ L_α ) . (4.21)

In fact, these turn out to be b̂ = αb_R + βb_{NS} , (4.22)

b = γb_R + δb_{NS} , (4.23)

up to total derivative terms, where b_{NS} and b_R are defined in (2.6) and (3.4), respectively. For constant dilaton and axion, the Hodge duals of the modified field strengths constructed from the above SL(2, Z)-doublet, b̂ and b, are αΦ̂ + βΦ and γΦ̂ + δΦ, which are nothing but (4.7) and (4.8), respectively. We thus regard the superalgebra (4.10)–(4.13) as the SL(2, Z)-covariant (p, q)-string superalgebra. At a special point on the SL(2, Z)-orbit, χ = ϕ = 0, this superalgebra reduces to (4.1)–(4.4), which is T-dual to the IIA superalgebra in presence of F-string, D0 and D2-branes [10].

R-symmetry of the superalgebra is realized as the right action of SO(2). In fact, the superalgebra is found to be invariant (with a trivial scaling of generators Σ^A and Z^A) under R-symmetry transformation: Q_α → RQ_α, Σ^α → RΣ^α and Z^α → RZ^α, where R ∈ SO(2), associated with the right action of SO(2). In the case that χ = ϕ = 0, the SO(2) gauge transformation causes a rotation of Σ^A and Z^A. Thus, interchanging Σ^A and Z^A is a part of R-symmetry. This is similar to the case encountered in the map (3.2).

5. Summary and discussions

We obtained the pullback to the F-string worldsheet of the R⊗R gauge potential b_R by considering a map, which transforms the F-string superalgebra to the D-string superalgebra, or starting from a superalgebra, which is obtained by interchanging Σ^α and Σ̃^α in the D-string superalgebra. Considering the SL(2, Z)-doublet of the twoform gauge potentials explicitly in terms of the obtained b_R and b_{NS} , we presented the SL(2, Z)-covariant (p, q)-string superalgebra. It was shown that the SL(2, Z)- doublet can be constructed by the (p, q)-string superalgebra. The superalgebra at a special point on the SL(2, Z)-orbit, χ = ϕ = 0, reduces to the IIB superalgebra [10] which is related by T-duality to the IIA superalgebra describing F-strings, D0- and D2-branes.

Let us comment on the generalization of our formulation to the D3-brane, the (p, q) 5-brane and the KK5-brane. The D3-brane superalgebra will be obtained as a T-dual to the IIA superalgebra in presence of the D2-brane Σ^{AB} and the D4-brane Σ^{A1...A4} . In addition, one finds that the algebraic consistency requires the F-string

Z^A and the D0-brane Σ. The D3-brane superalgebra is thus generated by generators: not only the supertranslation Q_A and the D3-brane Σ^{ABC} but also the F-string Z_A and the D-string Σ^A. This is consistent with the fact that the field strength H of the four-form gauge potential C, which naturally couples a D3-brane, is expressed as H = dC + ℑ(C ∧ H̄), where C represents the SU(1,1)-invariant two-form gauge potential and H the field strength. We anticipate that the supersymmetric form of the four-form gauge potential C can be constructed by using the D3-brane superalgebra. It is a general feature of our superalgebras that the p-brane superalgebra contains the p^′-brane superalgebra (p^′ < p ≤ 5) as a subalgebra. Since the superalgebra, which is T-dual to the IIA superalgebra in presence of the F-string, the D0- and the D2-brane, naturally describes the pullback to the same worldsheet of the NS⊗NS and the R⊗R gauge potentials, the D3-brane superalgebra may describe the D3-brane on which the (p, q)-string sticks. If this is the case, it is interesting to study the effects of interchanging fermionic generators of the D3-brane charges as well as the (p, q)-string charges, and to examine how the intersecting branes can be described in our formulation.

In turn, the (p, q) 5-brane superalgebra is generated by generators: the D5-brane and the NS 5-brane in addition to those of the D3-brane superalgebra. The 126 bosonic D5-brane charges Σ^{m1 ...m5} , m_i = 1, . . . , 9, are related by a T-duality to the 70 D4-brane charges Σ^{p1...p4} and the 56 D6-brane charges Σ^{0p1...p3} as Σ^{♯p1...p4} = Σ^{p1...p4} and Σ^{p1...p5} ∼ Σ^{0p1...p3} , respectively, where “∼” denotes the equivalence modulo the self-duality relation and p_i runs from 1 to 9 except for ♯. Thus, the D5-brane charges are naturally expressed in terms of the charges Σ^{i1...i4} in the IIA superalgebra, or equivalently Z^{♮i1...i4} in the M-algebra, where ♮ denotes the 11-th direction. Similarly, the 126 IIB NS5(KK5)-brane charges Z^{m1...m5}_B (Z^{0m1...m4}_B ) are related by a T-duality to the 70 IIA NS5(KK5)-brane charges Z^{♯p1...p4} (Z^{0p1...p4} ) and the 56 IIA KK5(NS5)-brane charges Z^{♯0p1...p3} (Z^{p1...p5} ) as Z^{♯p1...p4}_B = Z^{♯p1...p4} (Z^{0p1...p4}_B = Z^{0p1...p4} ) and Z^{p1...p5}_B ∼ Z^{♯0p1...p3} (Z^{0♯p1...p3}_B ∼ Z^{p1...p5} ), respectively. It follows that the IIB NS5(KK5)-brane charges are expressed in terms of the charges Z^{♯i1...i4} (Z^{i1...i5} ) in the IIA superalgebra and the M-algebra. But it is not clear how the charges with spinorial indices are related to the IIA superalgebra. The D5- and NS5-brane charges with spinorial indices, except for those with five spinorial indices, are expected to be determined by the charges Z^{♮A1...A4} and Z^{♯A1...A4} ) in the M-algebra, respectively. But the charges with five spinorial indices will not be related to the charges of the M-algebra. If this is the case, we must add these charges with five fermionic indices in order to construct the corresponding gauge potentials in the manifestly supersymmetric forms. In the case of the KK5-brane charges, the situation is more intricate since the T-dual of the corresponding IIA superalgebra is not rewritten in a covariant form. Thus, the charges constituting the (p, q)5-brane and KK5-brane superalgebra are not determined in terms of those of the IIA superalgebra completely, unlike the D3-brane superalgebra. We hope to report on these issues in the near future [14].

Acknowledgments

The author would like to express his gratitude to prof. N. Ishibashi. This research was supported in part by JSPS Research Fellowships for Young Scientists.

References

[1] J H. Schwarz, An SL(2,Z) multiplet of type IIB superstrings, Phys. Lett. B 360 (1995) 13 [hep-th/9508143];

E. Witten, Bound states of strings and p-branes, Nucl. Phys. B 460 (1996) 335 [hep-th/9510135].

[2] P. K. Townsend, Membrane tension and manifest IIB S-duality”, Phys. Lett. B 409 (1997) 131 [hep-th/9705160].

[3] M. Cederwall and P. K. Townsend, The manifestly SL(2, Z)-covariant superstring, J.

High Energy Phys. 09 (1997) 003 [hep-th/9709002].

[4] H. Arfaei and M.M. Sheikh-Jabbari, Mixed boundary conditions and string-brane bound state, Nucl. Phys. B 526 (1998) 278 [hep-th/9709054];

S. Gukov, I.R. Klebanov and A.M. Polyakov, Dynamics of (n, 1) strings, Phys. Lett. B 423 (1998) 64 [hep-th/9711112];

I. Oda, SL(2,Z) S-duality of super D-string action in type IIB supergravity background,

hep-th/9810203.

[5] M. B. Green, Super-translations, superstrings and Chern-Simons forms”, Phys. Lett.

B 223 (1989) 157.

[6] W. Siegel, Covariant Approach To Superstrings, in Symposium on anomalies, geometry and topology, eds. W.A. Bardeen and A.R. White (World Scientific, Singapore, 1985); Classical Superstring Mechanics, Nucl. Phys. B 263 (1985) 93.

[7] W. Siegel, Randomizing the superstring, Phys. Rev. D 50 (1994) 2799 [hep-th/9403144].

[8] A. Achúcarro, J. M. Evans, P. K. Townsend and D. L. Wiltshire, Super p-branes, Phys.

Lett. B 198 (1987) 441.

[9] E. Bergshoeff and E. Sezgin, Super p-brane theories and new spacetime superalgebra, Phys. Lett. B 354 (1995) 256 [hep-th/9504140].

[10] M. Sakaguchi, Type-II superstrings and new spacetime superalgebras, Phys. Rev. D 59 (1999) 046007 [hep-th/9809113].

[11] A. Deriglazov and A. Galajinsky, A linear realization for the new spacetime superalgebras in ten and eleven dimensions, Mod. Phys. Lett. A 12 (1997) 1517 [

hep-th/9703104].

[12] J. H. Schwarz, Covariant field equations of chiral N = 2 D = 10 supergravity, Nucl.

Phys. B 226 (1983) 269.

[13] P. S. Howe and P. C. West, The complete N = 2, d = 10 supergravity, Nucl. Phys. B 238 (1984) 181.

[14] M. Sakaguchi, work in progress.